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Abstract: The nonlinear dielectric properties of a three
component system consisting of nonlinear resistive,
linear resistive, and nonconducting cubes of equa size
is studied to determine the range of nonlinear grading
properties which can be achieved. The system is
modeled on a satistical basis, with confirmation
through Monte Carlo simulations. The objective is to
gain insight into the range of field grading properties
which should be possible as a function of the character-
istics of the nonlinear component and the ratio of the
three components.

INTRODUCTION

Nonlinear grading materials are used in high voltage
applications in order to control stress concentration.
Such materials often take the form of filled polymers,
i.e., mixed nonlinear filler and resistive filler in a poly-
mer matrix. Thus such materials can be treated as a
disordered electrical network constructed from non-
linear, resistive and non-conducting elements. To date,
no method has been developed to calculate the resis-
tance of such a random electrical network. However,
percolation theory is one of the principa tools for the
study of such systems. For any such three-dimension
network, (i) when the non-conducting fraction, P, is
less than a critical fraction P, percolation paths will
exist, and (ii) the overall resistance converges as the
network size increases to infinity [1]. Based on these
two theorems, we can study this problem with Monte
Carlo simulations and statistical approaches.

In our study, all components are treated as consisting of
equal sized cubes, and the leakage current through non-
conducting grains is assumed to be zero. We also
assume percolation paths are isolated, i. e., current does
not transfer from one percolation path to another. Obvi-
ously, this approximation is good over only a limited
range of nonconducting fraction. ZnO-based sintered
nonlinear metal oxide ceramic is often used as a non-
linear component [2]. As is well known, intergrain
boundaries in such material provide a voltage drop of
roughly 3V per intergrain boundary. However, we can
still treat the nonlinear elements as cubic grains, since
the high conductivity of ZnO (100 to 1000 S/m) makes

the voltage drops in the bulk of the ZnO small enough
to beignored.

The objective of this contribution is to demonstrate a
method to derive random electrical network properties
and investigate the effect of components properties and
volume ratios on the overall material performance.

STATISTICAL APPROACH
Percolation Model

Percolation is a mathematical concept of modeling the
spread of a fluid through a medium [3]. Suppose we
setup our 3-D model with electrodes in the x-y plane
and the electric field applied in the —z direction. The
medium between the electrodes consists of three com-
ponents, nonconducting, non-linear and resistive grains
with volume fractions P1, P2, and P3, respectively. We
treat all grains as being cubes of the same dimension
with sides of length a, which is typically in the range of
0.1to 10 um [2,4]. The cubes are distributed randomly
to form a dense medium. From any starting point, the
percolation path (if it exists) is defined as the path of
minimum length through which current can pass from
one electrode to the other, i.e.,, which consists of a
continuous string of resistive or nonlinear grains
between the electrodes. The percolation number is the
number of grains in the percolation path. The minimum
percolation number, L, isgiven by:

L=Tla (@)
where T is the distance between electrodes.

Monte Carlo Simulations

We assume statistical independence of the components
and construct the percolation path based on volume
fractions. A program was written in QBASIC to
simulate the situation. Grain types are determined by a
random number according to their volume fractions.
Percolation paths start from every conducting grain on
the positive electrode surface. Paths are extended
through non-insulating grains or blocked if no non-
insulating path is available. We attempt to extend path
in the field (—z) direction. If that is not possible, then
the path is extended in the x or y direction (sideways). If



al paths are blocked, we move backward one grain and
attempt to extend the path from that location. When a
connection between two electrodes is created, the path
is completed. If the path goes back to the starting
surface, the path is considered incomplete. Even though
we cannot guarantee paths constructed in this way are
the shortest possible, they should be close, since we
make extension in the direction of the electric field the
first priority. Simulation results are shown in Figures 1-
3.
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Figure 1. Mean of the percolation number vs. volume fraction
of nonconducting grains. One thousand tests were performed
for each P1 value, from which the mean number and the +20
confidence limits are calcul ated.

To a good approximation, the percolation number is
normally distributed with mean B and standard devia-
tion ol given by the following formulas. K is the
fraction of completed paths.
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Since percolation paths are constructed with resistive
and nonlinear grains only, the number of nonlinear
grains within one percolation path obeys the binomial
distribution with mean, x4, and standard deviation, o,
given by [5]

u=np )
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Figure 2. Standard deviation of the percolation number vs.
volume fraction of nonconducting grains.
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Figure 3. Fraction of complete paths vs. volume fraction of
nonconducting grains. From this plot, we can see critical
fraction P is about 0.75.

o=np@-p) (6)

where n is the percolation number, which is typically in
the thousands, and p is the probability of a nonlinear
grain, which is given by P2/(1-P1). To agood approxi-
mation, we could use the mean value of the percolation
number for every percolation path, in which case, N1
and N2, the number of nonlinear grains and resistive
grains are given by

N1=N.P2/(1-Pl) 7
N2=N-N1 (8)

where N is the mean percolation number. Monte Carlo
simulations indicate that the effect of the binominal
distribution on current-voltage (I-V) characteristics is
negligible.



Computation of I-V Characteristics

For many applications, a nonlinear grading material
should have high dielectric constant and low loss during
normal operation at power frequency, and a field-depen-
dent conductivity under impulse conditions. We adopt
the following equation for the nonlinear grains [4]:

18, 4 5tanh[ 50l0gy, (V+O.7)—28]+%Iogm (V+0.7)

J(V)=10% 9)

where J is the current density and V is the voltage
applied to the grain. This function is plotted in Figure 4.
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Figure4. J-V characteristics assumed for nonlinear grains.
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The total number of percolation paths, TP, is given by
the number of conducting grains under the electrode
surface times the pass rate K:

TP=A-K/ld* (10)
where A is the electrode area. Nearly al possible path
lengths are included in the range between B-501 and
B+50l. For the number of percolation paths of each
percolation number, we have:

i=[12,...,1001+1] (11)
N, =B-501+i-1 (12)
TN, =TP- PN, (13)

where N, PN, and TN, are the number of elements in
path i, the probability density for each path number, and
the number of path number N,. Obvioudly,

1001

2PN, =1 (14)

For a given percolation path, the current through the
resistive and nonlinear grains must be the same. Thus

V,—N1-VB—N2.-J(VB)-al 62=0 (15)

where V,, VB and o2 are the applied voltage on the
sample, the voltage drop on each nonlinear grain, and
the conductivity of the resistive grains, respectively. By
substituting Eg. (9) into Eg. (15), VB can be solved nu-
merically for a fixed grain size a [4]. Then the overall
resistive property of the sample, i.e., the I-V character-
istics, or the conductivity as a function of the electric
field, can be computed.

Discussion

If the applied voltage is |ess than the voltage drop across
the nonlinear grains, the current in the percolation path
is negligible. Above the voltage which drives the
nonlinear grains into conduction, the voltage drop
across the nonlinear grainsis aways about 3V per grain.
According to Egs. (2)-(8), the transition field can be
calculated as

=B P2 g P2
T 1-P1 a(1- Pl

The voltage drop across the nonlinear grains remains
approximately constant at 3 V/grain above this transi-
tion field. The remaining voltage is applied to the
resistive grains in the percolation paths. Thus the
voltage across the resistive grainsis given by

v (16)

=V-E

trans trans

: 17

1-P1 (7
From Eq. (16) and (17), we can see that the number of
nonlinear grains and the conductivity of the resistive
grains together, determine the nonlinear characteristics
of the material.

A typical grading material might be capacitively graded
at power frequency but resistively graded under
lightning impulse conditions. This means that the
transition from capacitive to resistive grading should be
in the range of 4.5 kV/mm. To design such a material,
we start from a particle size of 1 um and compute the
characteristics for a1 mm thick sample.  Since we want
arapid change in conductivity at about 4.5 kV/mm, we
need a mean of about 1400 nonlinear grains in the
percolation path. If we assume that we want about 50%
nonconducting (polymer) grains to provide adequate
binding material and flexibility, then From Eq. (16), we
know the transition field will be in the range of 4.5



kV/mm if we have 35% nonlinear grains, which leaves
15% resistive grains. The properties of such a material
are plotted in Figure 5 for two values of resistive grain
conductivity, 62, viz., 0.01 and 1 S/m. Material con-
ductivity vs. field is plotted in Figure 6, with 62 of 1
S/m. The conductivity of the resistive grains determines
the high field conductivity of the material. This
conductivity must be sufficiently high that ¢ >> e for
alightning impulse.
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Figure 5. Computed |-V characteristics, with a transition field
of 5kV/mm. Other sample parameters are listed in the plot.
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Figure 6. Computed conductivity vs. filed. Other sample
parameters are listed in the plot.

We can derive a formula for the high field limit of the
conductivity based on the assumption that the voltage

drop across the nonlinear grains is negligible. In this
limit, the conductivity is given by
K(@1-Pr?
o=02|——— (18)
P3

This equation does not predict the characteristics of
Figure 6 very well, as the voltage drop across the

nonlinear grains is not negligible, and the voltage drop
continues to increase with field above the transition
region (Figure 4). The latter effect is quite significant.

Suppose the relative dielectric constant for nonconduct-
ing grains is 2.3, and 300 for the nonlinear grains. To
first order, the effect of cubic resistive grains, which
will polarize fully a any reasonable frequency, can be
treated as reducing the effective thickness of the sample.
Hence the effective dielectric constant of the material
should be

€, ~(2.3-05+300-0.35)/0.85=124.88  (19)

so that emis of order of 107 S/m at power frequency
and about 10 S/m for a lightning impulse (300 kHz).
Thus this would be a good capacitive grading material
at low field, and, according to Figure 6, would become
resistive grading at about 5 kV/mm (¢ >> ew) for the
case of 1 S/m resistive grain conductivity, well above
the power frequency operating field for a termination
but within the range of alightning impulse. A resistive
grain conductivity of 0.01 S/m would not be sufficiently
high to provide the required high field conductivity for
effective nonlinear resistive grading under impulse
conditions.

CONCLUSIONS

The electrical characteristics of a random network can
be predited, computed, and engineered to provide
effective grading materials based on knowledge of the
component dielectric properties. Such knowledge is
important in designing grading materials, as it provides
the ability to estimate the grading material properties
required for transient nonlinear finite element anaysis
of devices, such as terminations, which employ such
materials.
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