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Stereographic Projection

• Often, it is useful to know the planes that lie at a 
particular angle from another plane or a specific 
direction.

• The stereographic projection is a useful tool to 
map the orientation of planes (or surfaces, etc)
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map the orientation of planes (or surfaces, etc)
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Imagine crystal at the 
center of a sphere.

Crystal directions or 
normals to crystal planes 
are projected to the 
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x

Sout h
Po le

Projec t ion
Sphere

Note: To map planes in the Southern hemisphere, the 
projection plane is placed at the South pole and all points 
are mapped from the North pole (opposite of the sketch).

are projected to the 
sphere surface.

Rays are drawn through 
these points from the 
South pole onto a 
projection plane 
tangential to the sphere 
at the North pole.
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Sout h
Po le

1 0 0

The projection need not be 
centered on 001 (though it often is).
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Often, for systems with 
high symmetry, all 
relevant information can 
be provided by 
presenting only a fraction 
of the projection.

Every other portion of the 
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Every other portion of the 
projection can be ‘folded’ 
along great circles onto 
the represented triangle.

Simple Cubic



Why use x-rays?
• Inelastic scattering: Transmits easily through soft tissue, 

yet is absorbed by tissue of greater density (eg. Teeth, 
fillings, bones, pins, etc.). Allows imaging of sub-surface 
structures.
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• Elastic Scattering: Diffraction (microstructural and 
chemical analysis).

http://www.museumofhoaxes.com/hoax/weblog/comments/2304/
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Health and Safety
Absorption also allows us to do x-ray measurements 

without impacting our health by shielding certain tissue 
from the x-rays (eg lead apron at the dentist).

Achieved with heavy metals (enclosing the x-ray 
equipment), metal laden glass, and interlocks to prevent 
operation without safety equipment in place.
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operation without safety equipment in place.

But, treat the equipment with respect and take safety 
course offered by IMS, etc. X-rays can be dangerous:

Burning or loss of digits or even limbs is possible. 



Diffraction Sources

• Absorption is useful, but the real power of x-rays is using them 
in diffraction studies. 

• For diffraction to occur, the radiation wavelength must be 
similar to the periodic features (eg lasers and optical gratings).

• For atomic planes, this means:
– x-rays (inelastic scattering dominates after ~0.1 mm of most materials)
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– Electrons (inelastic scattering dominates after ~µm, ie higher absorption 
coefficient)

– Neutrons (materials highly transparent, but neutrons aren’t easy to get)

• They all allow measurements down to sub-atomic resolution of 
average atomic positions.
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So What?
• X-rays can be absorbed (medical imaging)

– or

• X-rays can be diffracted (XRD)

• Broad-band excitation is possible (Laue)
– or
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– or

• X-rays can be monochromatic (theta-2theta)
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Intuitive Approach
• X-rays generally considered to behave as waves (not particles).

– The phase is shifted due to the path length.

• Diffraction is detectable when there is constructive interference 
between waves ‘bouncing off’ of consecutive planes of atoms 
along a given sample orientation.
– Full 360°phase shifting satisfies diffraction cond itions (‘allowed 

reflexion’).
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– Half phase shifting (180°) causes zero diffraction  (‘forbidden reflexion’).

• How to identify circumstances for constructive interference?
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• For diffraction 

we need the 
angle, 
wavelength, 
and d spacing 
so that 
multiple 
reflected 
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• As drawn, 
there will be 
no diffraction
– out of phase, 

not in phase

Note: n=integer



• We usually know wavelength
– Or we know that we are using a broad spectrum of wavelengths.

• We usually measure theta for specific planes that diffract
– Angle between incident beam and atomic planes in a sample at 

	 l :�L�,��	 q/
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– Angle between incident beam and atomic planes in a sample at 
which diffraction occurs.

• This can reveal the ‘d-spacings’
– A fingerprint of the composition of our sample
– Every repeating plane in a crystal has it’s own d-spacing.
– Different crystal symmetries have different possible planes.

• XRD measurements of samples therefore exhibit multiple 
diffraction peaks, each at a specific angle, related to the 
specific d-spacing present in the sample.
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������ #�,���	����������/������ #�,���	����������/������ #�,���	����������/������ #�,���	����������/

•Peak positions, intensities, and breadth act as a fingerprint to the crystal, its 
symmetry, the atomic spacing, the atoms involved, and relative fractions.

•Most systems have been studied by someone else, and catalogued, so one 
can simply compare data to these standards to identify an unknown.

•The “original” PDF: powder diffraction file.
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Know this one and you can work 
with many systems of interest

Note: hkl are indices of a given plane, eg. (001) (110) etc, and MUST be integers.
Also note: abc are lattice parameters, ��� are angles, S and V are defined next.
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To determine the d-spacing between arbitrary atomic planes in an 
arbitrary crystal, use the following:
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����� LL = � L� L ��	 L b

����� AA = � L' L ��	 L g

����� .L = �'� L ��� a ��� b - ��� g( )
����� LA = � L'� ��� b ��� g- ��� a( )
����� A. = �' L� ��� g��� a - ��� b( )



What is the d spacing for these simple examples 
(assume primitive cubic)?

• (hkl)
• (100)
• (110)
• (111)
• (210)
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• (210)
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Nothing 
forbidden for 
simple cubic 
(primitive).



Forbidden Reflexions for BCC

Cube corners

{100}± ± ±

± ± ±

± ± ±
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Cube body centers 
(same atom as 
cube corner, but 
shifted ½ unit cell 
above/below the 
{100} planes)

Cube corners
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Recognizing these patterns on diffraction data allows easy identification of a structure.



Simple theta/2theta measurement

Since several possible 
peaks are missing, 

following a particular 
pattern, this material 

MUST be something else. 
BCC in this case.

There SHOULD be peaks at each of the blue arrows for a primitive cubic system.
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Monochromatic incident beam.

forbiddenforbiddenforbidden

BCC in this case.



&��'����	������(��	�

��������	�� ������������	�� ������������	�� ������������	�� ����

 ����������������������
�� ���	����� �	���	����	���


 F���������	��7	��������������(��	��������������
�	������������	�� K�


 4�� ����	�������	��������� ������"�' ���������	���
�������������#����������������������
����������
���	��%

takenfrombdhuey


 ����������������������
�� ���	����� �	���	����	���
��'��������������+��������
������2 4��%�0�


 ��#���������#���������������������	�����	
���������
�	�����'����	������(��	����� ���'��7	��	

��#�����������#�����������#�����������#���������

 0���������'���7%



break
• Next: mathematical approach to diffraction
• Then: graphical approach
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• If there are five apples, and you take away three, 
how many do you have?

• John digs a hole that is 2 yards wide, 3 yards 
long, and 1 yard deep. How many cubic feet of 
dirt are in it?
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Q !�R/����
�!�	�'�� ( )[ ]lwkvhuifiA atomatom ++= pj 2expexp

where hkl are the indices of the diffraction plane, 
and u,v,w is the atomic position within the cell 

relative to the origin 
(thus �  [111])

For example: uvw=(½, ½, ½)
uvw=(0, ¼, 1)
etc.
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1

•What are the symmetrically 
unique positions uvw?

•(0,0,0) AND (½,½,½)
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( )[ ] ( )[ ] ( )[ ]lkhilkhlkhi +++++=++ ppp sincosexp
Always 0 
since h,k,l 
must be 
integers 

(sin(n*pi)=0 
always)
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This can be looked 
up or calculated in 

your head.

( )[ ] ( )[ ]{ }
( )[ ]{ }lkhfFSo

lkhilkhifF

nBCC

nBCC

+++=

+++++++=

p
pp

cos1

sincos0sin0cos

( )[ ] ( )[ ] ( )[ ]
oddlkhifandevenlkhif

lkhilkhlkhiSince

=++-==++=

+++++=++

)(1)(1

sincosexp ppp

Always 0 since h,k,l 
must be integers 

(sin(n*pi)=0 always)
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Rule for BCC: 
h+k+l = even
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Mathematical approach-testing
• Calculate the structure factor for kryptonite

– Single element
– Lattice is simple cubic

• Basis is (0,0,0)
• AND (½, ½, 0)
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Lattice and Basis?
• BUT, if we assume they are 

all the same type of atom 
(i.e. red=green):

• We could also consider the 
crystal as (not correct, but 
could do):• BCC lattice

takenfrombdhuey

could do):
• SC lattice

– (0,0,0) red dots
– (1/2,1/2,1/2) red dots
– (0,1/2,0) red dots
– (1/2,0,1/2) red dots

• Solve structure factor in 
both ways.

• BCC lattice
– (0,0,0) red dots
– (0,1/2,0) green dots
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Assuming simple cubic lattice:
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( )[ ] ( )[ ] ( )[ ]{ }lhklkhfF n ++++++=
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ppp coscoscos1

222222

{ }
{ }
{ }
{ } oddkandoddlkhiffF

evenkandoddlkhiffF
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,41111

otherwiseF

evenkandevenlkhiffF

0

,4

=

==++=

But what if lots of atoms in the unit cell (common 
for real crystals instead of ideal cases)?
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Leveraging the BCC lattice:

{ } evenkifff
f

f
F BCCn

n

BCC *211* ==+=
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otherwiseF

evenkANDevenlkhifff
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Bingo, easy even if lots of atoms in the unit cell.
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